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Abstract
We apply a superspace formulation to the four-dimensional gauge theory of
a massless Abelian antisymmetric tensor field of rank 2. The theory is formu-
lated in a six-dimensional superspace using rank-2 tensor, vector and scalar
superfields and their associated supersources. It is shown that BRS transfor-
mation rules of fields are realized as Euler-Lagrange equations without assum-
ing the so-called horizontality condition and that a generating functional W¯
constracted in the superspace reduces to that for the ordinary gauge theory of
Abelian rank-2 antisymmetric tensor field. The WT identity for this theory
is derived by making use of the superspace formulation and is expressed in a





Gauge theories of Abelian rank-2 antisymmetric tensor elds have become eld of interest
for various reasons. Kalb and Ramond rst realized that Abelian rank-2 antisymmetric
tensor elds could interact with classical strings [1]. This interaction has been applied to
the Lorentz-covariant description of vortex motion in an irrotational, incompressible fluid [2],
and to the dual formulation of the Abelian Higgs model [3]. Abelian rank-2 antisymmetric
tensor elds are also involved in supergravity multiplets [4] and in excited states of quantized
(super)strings [5]. They are crucial for superstring theories to realize anomaly-cancellation
mechanism and to estimate dualities in extended objects. In addition, it has been shown
that an Abelian rank-2 antisymmetric tensor eld generates eective mass for an Abelian
vector gauge eld through a topological coupling between these two elds [6]. A geometric
aspect of Abelian rank-2 antisymmetric tensor elds has been discussed in a U(1) gauge
theory in loop space [7].
Covariant quantization of an Abelian rank-2 antisymmetric tensor eld was rst at-
tempted by Townsend [8] and has been studied by many authors [9,10] in systematic man-
ners based on the Becchi-Rouet-Stora (BRS) formalism. It was found in the covariant
quantization that a naive gauge-xing term containing the antisymmetric tensor eld is it-
self invariant under a secondary gauge transformation and that commuting ghost elds are
required for complete gauge xing.
In the present paper, we consider a superspace formulation of the four-dimensional gauge
theory of a massless Abelian rank-2 antisymmetric tensor eld. Until recently, the BRS
formalism for Abelian rank-2 antisymmetric tensor elds has been discussed by several
authors using superelds on a six-dimensional superspace [10]. However, in these superspace
formulations, BRS transformation rules of elds are put in by hand and superelds are not
free but are constrained to satisfy the so-called horizontality condition. As a consequence,
covariance of the superelds is spoiled under superspace rotations that mix spacetime and
anticommuting coordinates.
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To avoid these limitations, we apply the superspace formulation proposed by Joglekar
[11] to the gauge theory of Abelian rank-2 antisymmetric tensor eld. This formulation also
uses a six-dimensional superspace but has remarkable features: (i) Unlike earlier superspace
formulations [10,12], superelds are not a priori restricted by the horizontality conditions
and superspace rotations can be carried out; BRS transformation rules are realized as Euler-
Lagrange equations. (ii) The theory in superspace is constructed by taking into account
generalized gauge invariance and the Lagrangian density (without gauge-xing and source
terms) is a scalar under OSp(3, 1j2) transformations in the superspace. (iii) The whole
action including all source terms is accommodated in a single action written in terms of
superelds. For details see Ref. [13]. After the application, we show that the generating
functional in the superspace formulation contains in itself all the necessary information of the
generating functional for the ordinary gauge theory of Abelian rank-2 antisymmetric tensor
eld. We further show that BRS transformation rules can be obtained without assuming
the horizontality condition and that the WT identity for the theory can be expressed in
a neat, compact, and mathematically convenient form ∂ W/∂θ = 0. This will lead to a
simplied treatment of the renormalization problem in the gauge theory of Abelian rank-2
antisymmetric tensor eld.
The present paper is organized as follows. We briefly review the gauge theory of Abelian
rank-2 antisymmetric tensor eld in Sec.IIA and provide for the superspace formulation in
Sec.IIB. In Sec.III, we apply the superspace formulation proposed in Ref. [11] to the gauge
theory of Abelian rank-2 antisymmetric tensor eld and construct a generating functional
from superelds. We show that this generating functional reduces to one considered in
the ordinary gauge theory of Abelian rank-2 antisymmetric tensor eld. In Sec.IV, we see
that BRS transformation rules are realized as Euler-Lagrange equations. We also discuss
a relation between the BRS transformation and a six-dimensional gauge transformation.
In Sec.V, we derive a simple form of the WT identity by making use of the supereld
formulation. Section VI is devoted to a summary and discussion.
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II. PRELIMINARY
A. Gauge theory of Abelian rank-2 antisymmetric tensor field
In this section, we briefly review the gauge theory of Abelian rank-2 antisymmetric tensor
eld. Let Bµν(x) be an Abelian antisymmetric tensor eld on four-dimensional Minkowski
space M4 with a space-time coordinate system (xµ) (µ = 0, 1, 2, 3). We consider the Abelian







where d4x  dx0dx1dx2dx3 and Fµνρ  ∂µBνρ + ∂νBρµ + ∂ρBµν . This action is invariant
under the gauge transformation δBµν = ∂µν − ∂νµ with a vector gauge parameter µ(x).
To covariantly quantize Bµν using the BRS formalism [9,10], it is necessary to introduce
the following ghost and auxiliary elds: anticommuting vector elds ρµ(x) and ~ρµ(x), a
commuting vector eld βµ(x), anticommuting scalar elds χ(x) and ~χ(x), and commuting
scalar elds σ(x), ϕ(x) and ~σ(x). The BRS transformation δ is dened for Bµν by replacing
µ in the gauge transformation by the ghost eld ρµ, and for other elds it is dened so as
to satisfy the nilpotency condition δ2 = 0 :
δBµν = ∂µρν − ∂νρµ
δρµ = −i∂µσ , δσ = 0 ,
δ~ρµ = iβµ , δβµ = 0 ,
δ~σ = ~χ , δ ~χ = 0 ,
δϕ = χ , δχ = 0 . (2.2)
Covariant quantization of Bµν can be performed with the action
S = S0 + S1 + S2 , (2.3)











µ − k2 ~χ)] , (2.5)
where k1 and k2 are gauge parameters. Owing to the nilpotency property of δ, these gauge-
xing terms are invariant under the BRS transformation. The rst term S1 breaks the gauge
invariance of S0 explicitly. The second term S2 is necessary to break the invariance of S1 un-
der the secondary gauge transformation δρµ = ∂µε, δ~ρµ = ∂µ~ε. The gauge-xing procedure
for quantization of Bµν is complete with S1 + S2. Carrying out the BRS transformation in
Eqs. (2.4) and (2.5), we obtain
S1 + S2 =
∫




−i~χ∂µρµ − iχ(∂µ~ρµ − k2 ~χ)] . (2.6)
The action S describes a massless system. We can read from S how many physical
degrees of freedom Bµν has: The total degrees of freedom of the commuting elds Bµν ,
βµ, σ, ϕ and ~σ are naively 13, but some of them are not independent because of the four
constraints ∂µB
µν + k1β
ν − ∂νϕ = 0 derived from S. Their genuine degrees of freedom are
thus 9. The total degrees of freedom of the anticommuting elds ρµ ~ρµ, χ and ~χ are naively
10, but some of them are also not independent because of the two constrains ∂µρ
µ = 0 and
∂µ~ρ
µ−k2 ~χ = 0 derived from S. Their genuine degrees of freedom are thus 8. Subtracting the
genuine degrees of freedom of the anticommuting elds from those of the commuting elds,
we conclude that Bµν has one physical degree of freedom, describing a spin less particle.
B. Superspace and superfields
We shall work in a superspace of six dimensions. The superspace used in this paper
possesses a local coordinate system (xi)  (xµ, λ, θ) (i = 0, 1, 2, 3, 4, 5) with anticommuting
real coordinates x4  λ and x5  θ, and will be denoted by M4/2. We introduce to M4/2 a
metric tensor gij whose non-vanishing components are
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g00 = −g11 = −g22 = −g33 = −g45 = g54 = 1 . (2.7)
The set of linear homogeneous transformations that leave gijx
ixj invariant forms the pseudo-
orthosymplectic supergroup OSp(3, 1j2). This is nothing but a supersymmetric generaliza-
tion of the Lorentz group.
Let X(x) = X(x, λ, θ) be an arbitrary supereld on M4/2. 1 Since λ and θ are nilpotent,
X can be expanded as
X(x) = X(x) + λXλ(x) + θXθ(x) + λθXλθ(x) , (2.8)
where X, Xλ, Xθ and Xλθ are component elds on M








= Xθ(x)− λXλθ(x) , (2.9)
and Xλθ(x), Eq. (2.8) is written as





denote left derivatives. Equation (2.10) can be regarded as a constraint in





d4xf(X (x), ∂µX (x)) (2.11)









1In this paper we shall attach “overbar” to all the superfields on M4/2.
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Equation (2.12) holds whether X is a commuting supereld or an anticommuting supereld.
It should be noted that the integration in Eq. (2.11) and the multiplication in Eq. (2.12)
are carried out over M4, not over M4/2. Consequently, Eq. (2.12) is still a function of λ and
θ. If f does not depend on Xλθ and ∂µXλθ, we can formally divide the both sides of Eq.
(2.12) by
∫ ∏
x dXλθ(x), arriving at∫ ∏
x


















This is an important formula used in the superspace formulation of gauge theories.
III. ACTION AND GENERATING FUNCTIONAL IN SUPERSPACE
In this section, we apply the supereld formulation proposed by Joglekar [11] to the
gauge theory of Abelian rank-2 antisymmetric tensor eld. To this end, we now gener-
alize the antisymmetric tensor eld Bµν(x) to a supereld Bij(x) on M
4/2 satisfying the
antisymmetric property in superspace, Bij = −(−1)jijjjj Bji, and the commuting property
xk Bij = (−1)jkj(jij+jjj) Bij xk. Here jij is a function of i, dened as jij = 0 for i = 0, 1, 2, 3,
and jij = 1 for i = 4, 5. The supereld Bij is assumed to transform as a rank-2 covariant
tensor under coordinate transformations characterized by OSp(3, 1j2). The eld strength of
Bij is dened by
Fijk  ∂i Bjk + (−1)jij(jjj+jkj)∂j Bki + (−1)jkj(jij+jjj)∂k Bij , (3.1)
which is invariant under the generalized gauge transformation
δ Bij = ∂i j − (−1)jijjjj∂j i (3.2)
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with a vector gauge parameter i(x) satisfying the commuting property x
k i =
(−1)jkjjijixk. We consider the following generalization of the action (2.1):
S0 = − 1
12
∫
d4x F ijk(x) Fkji(x) . (3.3)
Note that the integration above is carried out over M4. Obviously, S0 is invariant under the
gauge transformation (3.2).
In addition to Bij , we introduce a vector supereld ζi(x) satisfying the anticommuting
property xk ζi = (−1)jkj(jij+1)ζixk and a commuting scalar supereld η(x). Furthermore,
we introduce supersources (source superelds) Kij(x), ti(x) and u(x) which are associated
with the superelds Bij , ζi and η, respectively. It is assumed that the (inner) products
Kij Bji, ζit
i and ηu are anticommuting scalars under OSp(3, 1j2) transformations; that is,
Kij is an anticommuting tensor supersource, ti a commuting vector supersource, and u an
anticommuting scalar supersource.
The superspace formulation of the gauge theory of Abelian rank-2 antisymmetric tensor
eld is begun with the action
S = S0 + SGS (3.4)








+ζi(x)fδiα∂µ Bµα(x) + k1δiν ζν,θ(x) + ti(x)g
+η(x)f∂µζµ(x) + k2ζ4,θ(x) + u(x)g
]
, (3.5)
where α = 0, 1, 2, 3, 4, and k1 and k2 are gauge parameters.
Let us collectively denote the superelds by (x) and the supersources by (x):  =
( Bij , ζi, η) and  = ( K
ij , ti, u). In accordance with the discussion in Sec.2.2, we treat (x),
,λ(x) and ,θ(x) as a set of independent elds, and (x) and ,θ(x) as a set of independent
sources. (The eld λθ(x) and the sources ,λ(x) and λθ(x) do not occur at this stage.)
Now, dening the path-integral measure
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we consider the generating functional
W [ , ,θ ; λ, θ ] =
∫
fD BijgfDζigfDηg exp(i S) . (3.8)
Since the integrations in Eqs. (3.3) and (3.5) and the multiplications in Eq. (3.7) are carried
out over M4, the generating functional W should be understood to be a function of θ and
λ as well as a functional of  and ,θ.















D M exp(i S 0) , (3.9)
where N is a constant,
D M D BµνD Bµ5D B55DζµDζ4Dζµ,θDζ4,θDηDη,θ , (3.10)
and































− Kµν(∂µ Bν5 − ∂ν Bµ5)− Kµ5∂µ B55
− Kµν,θ Bµν − 2 Kµ5,θ Bµ5 + K55,θ B55




We also consider the generating functional W dened by







,θ, t5,θ, u, u,θ ; λ, θ ]
=
∫
D M exp(i S 0) , (3.15)








Integrating Eq. (3.16) over K4i, K4i,θ, t4 and t4,θ, we have
W =
∫
D K4iD K4i,θDt4Dt4,θ W . (3.17)
With the identication
Bµν = Bµν ,
Bµ5 = iρµ , B55 = −2iσ ,
ζµ = ~ρµ , ζµ,θ = βµ ,
ζ4 = −i~σ , ζ4,θ = −~χ ,
η = ϕ , η,θ = −iχ , (3.18)
at λ = θ = 0, Eqs. (3.12) and (3.13) agree with Eqs. (2.1) and (2.6), respectively. Hence, the
ordinary gauge theory of Abelian rank-2 antisymmetric tensor eld is correctly reproduced
up to the gauge-xing terms from the superspace formulation characterized by the action
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S. In addition, the source term SΣ and the generating functional W have the same forms
as those in the ordinary gauge theory of Abelian rank-2 antisymmetric tensor eld. The
generating functional W has a neat form, while W is directly related to the ordinary gauge
theory, although W is still a function of λ and θ. These functional are related to each other
by Eqs. (3.16) and (3.17).
We now mention a dierence between earlier superspace formulations [10] and our su-
perspace formulation: in the earlier formulations, all the components of Bij except Bµν are
identied with the ghost elds ρµ, ~ρµ, σ, ϕ and ~σ. On the other hand, in our formulation,
only two components Bµ5 and B55 are identied with the ghost elds ρµ and σ, while the
other components except Bµν are treated as auxiliary elds. Instead, ζµ, ζ4 and η are iden-
tied with ghost elds ~ρµ, ~σ and ϕ, respectively. As will be seen in the next section, the
treatment of Bij in our formulation makes possible to determine BRS transformation rules
without assuming the so-called horizontality condition.
IV. BRS TRANSFORMATION AND SIX-DIMENSIONAL GAUGE
TRANSFORMATION
We shall see in this section that some of the BRS transformation rules can be realized as
the Euler-Lagrange equations and that a six-dimensional gauge transformation is related to
the BRS transformation. Taking into account Eq. (3.18), we dene the BRS transformation
rules of the superelds so that they can reduce to Eq. (2.2):




∂µ B55 , δ B55 = 0 , (4.1)
and
δζµ = iζµ,θ , δζµ,θ = 0 ,
δζ4 = iζ4,θ , δζ4,θ = 0 ,
δη = iη,θ , δη,θ = 0 . (4.2)
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The transformation rules (4.2) indicate that the BRS transformation δ may be represented as
the derivative with respect to θ. If the equations ∂µ Bν5 − ∂ν Bµ5 = − Bµν,θ , ∂µ B55 = 2 Bµ5,θ ,






Remarkably, these desirable equations are derived from the action (3.4) as the Euler-





( Bµν,θ + ∂µ Bν5 − ∂ν Bµ5) = 0 , (4.4)
∂ S
∂ Bµ4,λ






B55,θ = 0 . (4.6)
Note here that the superelds are functions of xµ, λ and θ, while S is a function of λ and
θ. It should be emphasized that with Eq. (4.3), the BRS transformation rules (4.1) can be
obtained as the Euler-Lagrange equations. This situation is quite dierent from that in the
earlier superspace formulations, in which the BRS transformation rules are determined by
putting in the horizontality condition by hand.
We now extend the BRS transformation to the superelds Bµ4, B44 and B45, utilizing
Eq. (4.3) and the Euler-Lagrange equations
∂ S
∂ Bµ5,λ






B44,θ + B45,λ = 0 , (4.8)
∂ S
∂ B45,λ
= −2 B45,θ − B55,λ = 0 . (4.9)




= 0 . (4.10)
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We can understand Eq. (4.10) as the BRS transformation rule of Bij .
Now, choosing the gauge parameter i in Eq. (3.2) to be a particular form
i(x) = Bi5(x) , (4.11)
we dene the six-dimensional gauge transformation
δ^ Bij = (∂i Bj5 − (−1)jijjjj∂j Bi5) , (4.12)
where  is an anticommuting innitesimal constant. Using Eqs. (4.4)-(4.9), we readily show
that




Dierentiations of Eq. (4.13) with respect to λ and θ lead to








As seen from Eqs. (4.3) and (4.13)-(4.15), the six-dimensional gauge transformation δ^ for Bij,
Bij,λ and Bij,θ is nothing other than the BRS transformation for them with the parameter
−i. Note that Eq.(4.15) vanishes because of ∂2/∂θ2 = 0 or the nilpotency property of the
BRS transformation.
V. WT IDENTITY
In this section we derive the WT identity for the gauge theory of Abelian rank-2 anti-
symmetric tensor eld by making use of the superspace formulation discussed above. Since
S0 is a functional of the superelds Bij , Bij,λ and Bij,θ, the use of Eqs.(4.13)-(4.15) gives








= 0 , (5.2)













exp(i S) , (5.3)
where the formula (2.14) has been applied. From Eq. (5.2), it follows that
∂ W
∂θ
= 0 . (5.4)
Instead of using the six-dimensional gauge invariance of S0, we can show Eq. (5.4) by
directly calculating the last term of Eq. (5.3). In this alternative method, eld theoretical
analogies of the formula (x− y)δ(x− y) = 0 are repeatedly used.




















= 0 . (5.6)































Kµν,θ(∂µ Bν5 − ∂ν Bµ5)
+ Kµ5,θ∂µ B55 − tµ,θζµ,θ + t5,θ ζ4,θ + u,θη,θ
]
 exp(i S 0) . (5.7)
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We now introduce sources Jµν , Jµ, jµ, j and ~j on M4 that are dened, at λ = θ = 0, by
Jµν = −i Kµν,θ, Jµ = 2i Kµ5,θ, jµ = tµ,θ, j = t5,θ and ~j = iu,θ. With these sources and Eq.




DM [Jµν(∂µρν − ∂νρµ)
+Jµ∂µσ + j
µβµ + j ~χ + ~jχ
]
= 0 , (5.8)
where
DM  DBµνDρµDσD~ρµD~σDβµD~χDϕDχ . (5.9)
This is nothing other than the WT identity in the ordinary gauge theory of Abelian rank-2
antisymmetric tensor eld. Hence, Eq. (5.6) is understood as the WT identity.













where ∂fδ( K4i)δ( K4i,θ)g/∂θ = δ0( K4i) K4i,θδ( K4i,θ) = 0 and ∂fδ(t4)δ(t4,θ)g/∂θ =
δ0(t4)t4,θδ(t4,θ) = 0 have been used. From Eqs. (5.5) and (5.10), we see that Eq. (5.4)
is equivalent to Eq. (5.6). Therefore Eq. (5.4) is considered the WT identity written in
terms of the superspace formulation.
VI. SUMMARY AND DISCUSSION
In this paper, we have found that the superspace formulation proposed by Joglekar
works well not only in the Yang-Mills theory but also in the gauge theory of Abelian rank-
2 antisymmetric tensor eld. As we have seen, all information on the quantization of an
Abelian rank-2 antisymmetric tensor eld is contained in the simple generating functional
W in Eq. (3.8), with which the WT identity is expressed in a compact and elegant form
∂ W
∂θ
= 0 . (6.1)
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In the superspace formulation of Yang-Mills theory, the WT identities are also cast in
the same form as Eq. (6.1) [14]. It was shown in Ref. [15] that this simple form can directly
be derived from partial OSp(3, 1j2) invariance of the generating functional W dened in the
superspace formulation of Yang-Mills theory. Furthermore, several subjects concerning the
renormalization of Yang-Mills theory [16] and generalizations of the BRS transformation [17]
have been studied in the context of the superspace formulation of Yang-Mills theory. Based
on the superspace formulation considered in the present paper, we will be able to extend the
discussions in Ref.[15-17] to the gauge theory of Abelian rank-2 antisymmetric tensor eld.
The superspace formulation can readily be applied to the gauge theories of Abelian
antisymmetric tensor elds of higher rank. It is also possible to generalize the superspace
formulation in the present paper to several of the gauge theories containing both the Yang-
Mills and rank-2 antisymmetric tensor elds. One of such theories is the theory involving















with Hµνρ  ∂µBνρ + ∂νBρµ + ∂ρBµν + kωµνρ. Here Fµνa is the eld strength of Yang-Mills
elds Aµ
a, k a constant with dimensions of length, and ωµνρ the Chern-Simons three-form
consisting of Aµ
a. Another theory that one thinks is a massive gauge theory of non-Abelian



















a  Bµνa−m−1(Dµφνa−Dνφµa) and H^µνρa  DµB^νρa+DνB^ρµa+DρB^µνa. Here Bµνa
is a non-Abelian antisymmetric tensor eld, φµ
a a non-Abelian vector eld, m a constant
with dimensions of mass, and Dµ denotes the covariant derivative dened from Aµ
a. In
addition to the theories dened by the Lagrangians (6.2) and (6.3), there are gauge theories
with topological terms consisting of the Yang-Mills and antisymmetric tensor elds [20,21].
To apply the superspace formulation proposed by Joglekar to those theories, it is necessary
to consider how topological terms are dened in the superspace.
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